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Fig. 3 Incremental drag due to adding the Fast Pack pallets [drag
coefficient based on wing planform area (608 ft2)]; insert shows
location and area distribution of F-15 Fast Pack pallets.

Finally, it should be noted that the program used for this
study can easily fit in a 32K microcomputer and the com-
putation times for each Mach number take less than 2 min for
an axis with 100 axial grid locations.

Conclusions
The results of this study seem to indicate that the modified

supersonic area rule yields relatively good predictions of the
total wave drag for those cases where the unmodified area rule
also yields good results. This result exceeds the-expectations
set for the envisioned use: to estimate drag increments due to
modifying existing aircraft with near-axis protuberances. This
latter application seems to have been successful in the case of
the F-15 exercise.

The ease of inputting information also appears attractive
for uses in systems studies. In these types of studies, detailed
geometry may not be available, but volume requirements
may. This volume information would be well suited as input
data for the modified supersonic area rule.
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Approximation to the Optimization
of a Coast-Glide Trajectory

Israel Shruster* and Israel Carpast
Israel Aircraft Industries Ltd., Yahud, Israel

Introduction

THE need to achieve maximum range for unpowered
gliding flight leads to the problem of finding an angle-of-

attack function such that the range is maximized. This Note
presents a method for determining an approximation to the
angle-of-attack function which is flexible and does not require
solving a boundary value problem, as do the usual methods.
The method consists of dividing the trajectory into intervals
for which the angle of attack assumes a constant value. A
relatively small number of intervals provided a close ap-
proximation to the optimum.

Formulation of the Approach
The method presented herein provides the angle-of-attack

function that is optimal among a specific class. The solution is
obtained by dividing the trajectory into a number of intervals,
for each of which the angle of attack a. assumes a constant
value. As the number of intervals increases the solution
approaches the optimum (maximum range).

Let u be some parameter that changes monotonically along
the trajectory, and let the angle of attack assume discrete
values for given n intervals:

un<u<u

ul<u<u2

a(u)=C1

We are looking for the constants C, that maximize the range.
The solution of the problem described here can be obtained by
well-known optimization algorithms for finding the
maximum (or minimum) of functions of several variables. It
is easy to see that a trajectory obtained in this way approaches
the optimal trajectory as n grows.

An important advantage of this approach is simplicity in
building the numerical codes, and the flexibility of the codes
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for different definitions of optimally of the trajectory.
Consider the problem of finding an optimal angle of attack a
as a function of time for a gliding vehicle trajectory that can
be described with acceptable accuracy by the two-degrees-of-
freedom equations of motion:

V=fj = -gsiny-(D/m)

•HW
5000* >

where V is the velocity; L and D are the lift and drag,
respectively; m is the mass of the vehicle; and 7 the flight-path
angle. The forces and angles are shown in Fig. 1. The ex-
pressions for the lift and drag are

L = CLaoi1/2PV2S

The atmospheric density as a function of altitude is ap-
proximated by •

where p0 and H are constants chosen such that h approaches
the actual density change with altitude for the trajectory
involved. ,

We can reduce the number of the differential equations to
three by introducing a new variable, u, the negative specific
energy. Write the equations of motion as derivatives with
respect to the specific energy; thus

u=-(V2/2+gh)

mg
DV2du

dx
— = — COS7,du D '

COS7 +

m
DV2

dh
—du

Note that V2 = - 2(u + gh).
For given initial conditions H0, V0, y0, and X0=Q,- the

angle of attack as a function of u (or time) can now be
determined, such that it maximizes x at wfinal (or /final) for a
given /zfinal. The angle of attack a. takes oh discrete values for
given intervals of u (or time); thus A: is a function of n con-
stants ClfC2...,Cn9 each representing a constant angle of
attack over a given portion of the trajectory.

By maximizing xnna} =f(C1,C2,...,Cn), we shall obtain a
suboptimal trajectory. This optimization problem can be
handled easily by any general purpose numerical code for
maximizing functions of several variables.

Applications
For the examples shown here, Powell's algorithm of vary-

ing search directions1 was applied. Results obtained using
the algorithm for n = 3 and 7 are shown in Fig. 2. Also shown
are results obtained using the Pontryagin method2
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Fig. 1 Axes system and forces acting on vehicle.
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Fig, 2 a) Optimized trajectory; b) vehicle angle of attack for optimal
trajectory.

numerically realized by an algorithm from Ref. 3 that
provides a continuous function of the angle of attack. The
solution using the maximum principle of Pontryagin requires
solving a nonlinear two-point boundary value problem, with
the Hamiltonian minimized at each step of the solution.
Algorithms capable of solving this type of problem are not
easily adaptable to different initial conditions or definitions
of the optimal cost function. On the other hand, the proposed
method requires longer computation times for n that are
sufficiently large to provide a good approximation to the
optimum solution. From ,our experience, roughly twice as
much computation time is required for the Powell method as
for maximization of cost function by Pontryagin's method.

The advantage of the method proposed here is its flexibility
and lack of dependence on the trajectory initial or final
conditions, or on the cost function. The program requires an
initial guess of C to start the process of optimization. The
quality of the guess has some influence on the computation
time, but does not change the final solution (convergence of
the method). For example, if it is required to find a trajectory
with a maximum final velocity for a given range, the only
change required in the method is the definition of a new cost
function. Or, if the vehicle aerodynamics are defined as a
nonlinear function of the Mach number•, no change is
necessary in the optimization part of the program.

Conclusions
A simple numerical code for finding suboptimal trajectories

is proposed. Examples show that the trajectories obtained for
a relatively small number of intervals are close to those ob-
tained using an exact solution. The proposed algorithm is
flexible and convenient to the user. No convergence problems
were found using this method. Its only disadvantage is in-
creased computation time.
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